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A b s t r a c t  
This paper reports an experimental study of the evolution of perme-
ability during rock brittle failure and a theoretical analysis of rock critical 
stress level. It is assumed that the rock is a strain-softening medium 
whose strength can be described by Weibull’s distribution. Based on the 
two-dimensional renormalization group theory, it is found that the stress 
level c (the ratio of the stress at the critical point to the peak stress) de-
pends mainly on the homogeneity index or shape parameter m in the 
Weibull’s distribution for the rock. Experimental results show that the 
evolution of permeability is closely related to rock deformation stages: 
the permeability has a rapid increase with the growth of cracks and their 
surface areas (i.e., onset of fracture coalescence point), and reaches the 
maximum at rock failure. Both the experimental and analytical results 
show that this point of rapid increase in permeability on the permeability-
pressure curve corresponds to the critical point on the stress-strain curve; 
for rock compression, the stress at this point is approximately 80% of the 
peak strength. Thus, monitoring the evolution of permeability may pro-
vide a new means of identifying the critical point of rock brittle fracture. 
Key words: microfracturing, critical information, permeability evolu-
tion. 




Rock permeability is strongly influenced by the deformation of the rock and 
controlled by the evolution of the geometrical structure of cracks and pore 
space (volume, connectivity, tortuosity, shape, etc.). Depending on the initial 
porosity and the stress acting on the rock, compaction and strain hardening 
or, on the contrary, dilation and strain softening may occur (Sulem and Ouf-
froukh 2006). 
A better understanding of the evolution of permeability was initiated 
through the experimental work of Brace et al. (1968), who first applied the 
pulse decay method in triaxial tests of granites to measure their permeability 
under high pressure. In the past half century, significant achievements have 
been made in systematic studies on the evolution of permeability during rock 
cracking. The permeability may decrease slightly under the application of 
relatively small stresses, but when the stress is further increased, a threshold 
level is usually found, above which the permeability increases very marked-
ly, even under confining pressure (e.g., Brace et al. 1968, Mordecai and 
Morris 1971, Zoback and Byerlee 1975a, b; Walsh and Brace 1984, Wong et 
al. 1997, Zhu and Wong 1996, 1997, 1999, Yang et al. 2008, David et al. 
2001, Lock et al. 2002, Paterson and Wong 2005, Liu et al. 2009, Zhang et 
al. 2013). This threshold may be closely correlated with the onset of marked 
Acoustic Emission (AE) (Paterson 1978). Jiang et al. (2002) gave the rock 
permeability-stress mathematical expression before the peak stress is 
reached, and investigated two characteristic parameters – the critical anti-
permeability strength of rock and the initial permeability – according to the 
rock stress-strain curve and the permeability-strain curve obtained from 
rocks under complete loading-to-unloading cycles. Wang et al. (2006) found 
that the permeable pressure complies with a negative exponential function of 
time during rock deformation and failure. 
Under an external load, the evolution of rock permeability is influenced 
by the stress-strain state (Sun et al. 2012). In this study, we monitored three 
parameters: stress, strain, and permeability, for compressed rocks undergone 
brittle failure, and the evolution of rock permeability is studied experimen-
tally, especially during disintegration and rupture of the rock after the failure 
stress has been reached. 
The renormalization group probability of destruction is also employed to 
analyze the stress and strain at the critical point of rock brittle failure. The 
fracturing of stressed materials is analogous to a critical phenomenon at a 
second-order phase transition or the percolation phenomenon (Martin 1997, 
Sornette 2000). The moment of rupture is similar to a critical point, so the 
fracturing process can be described by a renormalization-group scheme 
(Anifrani et al. 1995), and a critical region exists in the vicinity of the criti-
cal point of rupture (Sornette and Andersen 1998).  
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2. PERMEABILITY  EVOLUTION  AND  STRESS-STRAIN  OF  INTACT  
ROCKS  UNDER  COMPRESSION 
Several characteristic stresses important for understanding the damage proc-
ess can be identified from the stress-strain curve shown in Fig. 1. a is the 
crack closure stress, b is the crack initiation stress, c is the crack damage 
stress corresponding to long-term rock strength (Martin 1993, 1997), or the 
critical stress; and d is the peak stress. The crack initiation or threshold 
stress b is defined as the onset of stable crack growth, which is sometimes 
defined as the point where the crack volumetric strain deviates from zero. 
The permeability increases with the growth of cracks. When the damage ini-
tiation limit is exceeded, existing cracks start to propagate and new cracks 
initiate in a stable fashion, but critical rock mass damage is not encountered 
until the density of crack is sufficient for cracks to coalesce to form shear 
bands or tensile spalls. This state is defined as the “crack damage stress” 
(Martin 1997) or “permeability threshold”. The crack damage stress c is 
generally defined as the point when volumetric strain reversal occurs and un-
stable crack growth begins. It also corresponds to the stress when a drastic 
increase of permeability is observed. In laboratory tests, c can be consid-
ered as the wall strength in massive rocks. Table 1 is the damage stress level 
(i.e., critical stress level) obtained from triaxial compression tests by perme-
ability-strain and stress-strain curves. 
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Table 1  





















1 Coarse sandstone 8 2.8 1.5 82.7 89.1 
2 Coarse sandstone 12 2.8 1.5 76.7 83.7 
3 Coarse sandstone 16 2.8 1.5 80.8 89.5 
4 Coarse sandstone 20 2.8 1.5 62.0 81.2 
5 Sandstone 12 2.8 1.5 74.3 83.8 
6 Limestone 4 2.8 1.5 65.7 68.7 
7 Limestone 4 2.8 1.5 65.3 73.7 
8 Medium sandstone 4 2.8 1.5 83.4 75.2 
9 Medium sandstone 4 3.8 1.8 80.7 76.4 
10 Medium sandstone 4 3.8 1.8 85.2 82.2 
11 Fine sandstone 4 3.8 1.8 88.1 82.6 
12 Fine sandstone 4 3.8 1.8 73.7 73.5 
13 Fine sandstone 20 12.0 1.8 77.4 79.5 
Average 76.6 79.9 
 
Changes in permeability were observed as a function of pressure for a 
variety of crystalline rock samples subjected to confining pressure and pore 
pressure. For most samples, the permeability dropped slightly when the pres-
sure was less than about 10% of the fracture stress d (stage OA shown in 
Fig. 1). It started to increase at b and then increased drastically after c was 
reached, until the maximum permeability was usually reached near to e, 
which is located at the knee point of the constitutive curve. The stress levels, 
i.e., c and d , represent important stages in the development of macroscopic 
failure of intact rocks. 
From the laboratory tests, three characteristics of the evolution of perme-
ability were identified (in the following text, strain and stress levels are the 
normalized strain and stress relative to their peak values, respectively, and 
permeability level refers to the permeability normalized by its initial value): 
 The permeability increases at stress levels by approximately 30-50% . 
 The permeability increases drastically near to the critical point C (Fig. 2); 
however, sometimes the stress level corresponding to this permeability 
threshold is greater than the stress level at point C (shown as point Ck in 
Fig. 1), and is as large as approximately 80% of the peak strength. This 
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result is roughly consistent with the observation of Lockner et al. (1992) 
on the onset of fracture coalescence, which was found to occur at stress 
levels of approximately 70-80% of the peak strength. 
(a) 
(b) 










































Fig. 2. Continued on next page. 

















































Fig. 2. Relationships between permeability ratio versus stress level during loading 
process for coarse sandstone: (a) coarse sandstone (sample 1 of Table 1), b) coarse 
sandstone (sample 1 of Table 1), (c) coarse sandstone (sample 3 of Table 1), and 
(d) coarse sandstone (sample 3 of Table 1). 
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 Macrocracks or shear-band formation normally occurs at point E, after 
which the permeability decreases. 
3. THEORETICAL  ANALYSIS  OF  STRESS  AND  STRAIN  AT  THE  
CRITICAL  POINT 
The rock material is considered as a system with a large number of intact 
rocks resulted from the complexity of formation environment and long-term 
geological processes. It is well accepted that as the applied load gradually 
increases, cracks will develop and coalesce around the potential macroscopic 
fracture plane (Xue 2014). Essentially, only when the crack density of the 
potential macroscopic fracture plane approaches a certain level, will the 
macroscopic fracture occur. Therefore, the forming process of the macro-
scopic fracture plane is simplified and considered as a two-dimensional frac-
ture process in the present work, and two-dimensional renormalization group 
theory is introduced to describe the failure process of the rock samples (as 
shown in Fig. 3). Thus, the macroscopic fracture plane can be renormalized 
into many cells and different order blocks. Here, only the blocks of the first 
three orders are shown. For example, the first order block comprises four 
cells, while the second order block consists of four first order blocks. Simi-
larly, the third order block is composed of four second order blocks. In fact, 
the same combination can be continued to an infinite scale. Furthermore, 
there exist five possible states for each of the different order blocks, i.e., 
B4U0, B3U1, B2U2, B1U3, and B0U4 (as shown in Fig. 3d). The uppercase 
letter “B” denotes that the cells or blocks have broken (colored box), which 
is followed by the digit corresponding to the number of broken cells or 
blocks. The uppercase letter “U” means that the cells or blocks have not bro-
ken (white box), and the following digit corresponds to the number of un-
broken cells or blocks. The corresponding broken probabilities of the five 
possible states are listed in column B, where p1 means the broken probability 
of each cell. 
As suggested by Smalley et al. (1985), Tang et al. (2000), and Wong et 
al. (2006), it is assumed that the strength of each individual cell is cell , 
which obeys a Weibull distribution and depends on the number of micro 
cracks in the cells. When an external load is applied to a rock sample, it is 
assumed that each cell of the rock will be subjected to a corresponding local 
stress. When the strength of the cell cell is less than its local stress, the cell 
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Fig. 3. Illustration of the two-dimensional renormalization group model of macro-
scopic fracture plane: (a) rock sample with two macroscopic fracture planes after 
failure under a uniaxial compression test, (b) sketch showing two macroscopic frac-
ture planes, (c) the two-dimensional RG model, and (d) the five possible states for 
each block (Xue 2014). 
where  is the stress,  is a scale parameter, 0 is a measure of average 
strength, and m is the shape parameter that can be used to evaluate the dis-
creteness of material strength. 
The failure probability of elementary blocks corresponding to   = 1  can 
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Combining Eqs. 1 with 2, one has 
  11 1 .
m
p p   
 
  (3) 
The conditional probability p,b for the occurrence of failure (Allegre et 
al. 1982) when a stress  (a 
 b)  is transferred to an unbroken block under 




















According to the renormalization group theory, the probability of de-
struction at the threshold point of destruction C, pc, can be derived as 
 ( ) .c cp f m  (5) 
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where    is the axial strain of the rock, and  0 is a measurement of average 
strain. 
As the stress-strain constitutive model of rocks can be expressed as (Qin 
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where E0 is the initial elastic modulus, the strain value corresponding to the 
peak strength can be derived by taking the first derivative of Eq. 7 with re-
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 (8) 
Inserting Eq. 5 into 6, and then combining with Eq. 8, the strain at the 
critical failure point C can be derived as 
 ! "# $
1
0ln 1 ( ) .mc cf m   
 
  (9) 
Divide Eq. 9 by 8, then we have 
 ! "# $ ! "
1 1100% ln 1 ( ) exp ln 1 ( ) 100% .c mc
d
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Equation 10 gives the relationship between the critical stress level c and 
the shape parameter. 
As one or multiple macroscopic breaking surfaces with sags and crests 
are usually found on hard and brittle rocks, we assume that the micro-to-
macroscopic destruction of rocks samples without joint fissure in the labora-
tory should be developed in 2D. In order to calculate f(m) in the above equa-
tions, the rock material is considered as a system with a large number of 
intact rocks resulting from the complexity of formation environment and 
long-term geological processes. The critical behavior of brittle fracture of the 
rock material will be studied with the model as shown in Fig. 3, which is a 
2D lattice renormalization. It is shown in Fig. 3 that a large block is com-
posed of four small blocks, and it has the unique performance. And four 
large blocks can comprise a larger block, and so forth, that is, according to 
the process of the renormalization theory. For a group containing two blocks 
which are either broken or unbroken, the five states are possible: [BBBB], 
[BBBU], [BBUU], [BUUU], and [UUUU], where the letters “B” and “U” 
represent a broken block and an unbroken block, respectively. It is easy to 
conclude that the failure probability p1(2) of the second-order blocks, which is 
expressed as Eq. 11, where p1 is the failure probability of block and  (1 
 p1) 
is the unbroken probability. 
 
4 0 3 1 2 2 1 3
(1)
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The threshold probability of destruction under 2D renormalized condi-
tion is computed, and the result, p* = f(m), is also plotted in Fig. 4. It is 
shown that the peak strength of rock increases with the decrease in shape pa-
rameter m, and the calculated 2D mean stress level is 83.2% for m equal to 1, 
2, 3, 4, 5, 6, and 7, which is very close to the value of the Darley sandstone 
tested by Mordecai and Morris (1971), as shown in Fig. 5. 





Fig. 4. The variation of critical probality, critical exponent, and critical stress level 
with the shape: (a) critical exponent and critical stress level, and (b) value of  and 
critical probality. 
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Fig. 5. Relationships of stress level versus permeability of Darley sandstone. 
Correlation length is an important physical quantity for the renormaliza-
tion group theory, which is used to mark the characteristics of permeability 












  (16) 
where  is the index of correlation length, and %0 is the proportional constant 
corresponding to unit interval size. 












  (17) 
where  0 0 b% %'  ; b is the scale factor, which is obtained by  b = N
d–1;  N is 
the block number of initial level in the renormalization transformation; and d 
is the spatial dimension. 
According to Fig. 3, the value of b is 2. Combining Eqs. 16 with 17, one 
has 
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Let  ) = dpn+1/dpn. When  ) > 0, it means the unstable fixed point (criti-
cal point). Then we have: 
 ln / ln .v b )  (20) 
The critical exponents of two-dimension renormalization group are 
shown by Fig. 4. 
When the broken probability is lower than the percolation threshold pc, 
the broken cells are almost isolated from each other, with less interaction. 
Contrarily, when the rupture probability is close to the percolation threshold 
pc, the correlation length of broken cells increases suddenly, which results in 
the random, disordered broken cells cluster? 
The renormalization group probability of destruction is then employed to 
calculate the stress at the threshold point of destruction, or the critical point, 
the stress corresponding to the peak strength, and then the critical stress lev-
el. As the permeability increases drastically near to the critical point C, the 
observation of the evolution of permeability may provide a new approach to 
identifying the critical point C in the stress-strain curve. 
4. CASE  STUDIES  AND  DISCUSSION 
Case 1: Triaxial compression test of different sedimentary rock samples 
Rock samples (shown in Table 1) were obtained from Yanzhou, Shandong, 
and cut into cylinders 50 mm in diameter and 100 mm long. They were 
tested on an electro-hydraulic servo-controlled testing machine (MTS815). 
The test result is shown in Figs. 2 and 6. Based on the level of permea-
bility (stress) change versus strain level (the stress level is normalized rela-
tive to its peak value, and the permeability ratio refers to the value of 
permeability normalized by the initial permeability obtained from experi-
ments on rock samples), the variation of permeability with stress-strain level 
can be separated into 3 phases: 
(i) In the compaction and elastic phases, permeability decreases with a 
very small degree with increasing stress (strain), which is mainly due to the 
closing of original micro fissures and pores.  
(ii) After the elastic limited stress is reached, with the increase of load-
ing, micro cracks appear and gradually expand. In this process, the permea-
bility remains unchanged or slightly increases.  
(iii) Near to the Point C, plenty of micro cracks initiate and grow rapidly, 
and micro breaking is developed spatially in rows  along  the potential break- 





Fig. 6. Continued on next page. 






















































































Fig. 6. Continued on next page. 


































































































































Fig. 6. Relationship between permability, stress level and strain level: (a) limestone 
(sample 6), (b) medium sandstone (sample 9), (c) medium sandstone (sample 10), 
(d) fine sandstone (sample 11), and (e) fine sandstone (sample 13). 
ing planes until the micro cracks eventually become connected with each 
other (Fig. 3), as indicated by the location of strain, and accelerated increase 
of volumetric strain at the cracks. In this phase, permeability has a precipi-
tous increase.  
From Fig. 6 and Table 1, we can infer that the stress level at the thresh-
old point of destruction C is approximately 80% of the experimental result. 
This also suggests that the variation of rock permeability can reflect the 
changes of stress state, which may provide very useful information on rock 
stability. 
Case 2: Triaxial compression test of granite sample  
Rock samples were obtained from the Jining, Shandong, and cut into 
 50 × 100 mm cylinders. They were tested on an electro-hydraulic servo-
controlled testing machine (MTS815). 
In the compaction and elastic phases, the permeability declines slightly 
with the increase of stress, mainly resulting from the closing of original mi-
cro fissures and pores (Fig. 7). When the ratio between the loading stress and 
peak stress near the point C (the average stress level is about 80%), the per-
meability increases sharply, with a jump in the vicinity of the yield point. 





Fig. 7. Continued on next page. 


















































































Fig. 7. Relationship between permability, stress level, and strain level of granite 
samples: (a) sample 1 (confining pressure 4.0 MPa, pore pressure 2.8 MPa), and 
(b) sample 2 (confining pressure 6.0 MPa, pore pressure 2.8 MPa). 





















































































Generalized crack damage threshold is studied in this paper by monitoring 
stress, strain, and the evolution of permeability during loading processes and 
theoretically analyzing the stress and strain at the critical point, and the fol-
lowing conclusions are obtained: 
 The evolution of permeability varies with the stages of rock fracturing 
during the process of compression. In the vicinity of the threshold point C 
(crack coalescence), with the rapid generation and growth of micro cracks 
inside the rocks, the permeability would increase in a large amount. 
 In agreement with the statistical mean of the data collected from labora-
tory tests, onset of fracture coalescence starts at stress levels of approxi-
mately 80% of the peak strength, as predicted with the renormalization 
group probability of destruction. 
 In most cases, the permeability increases sharply at the critical point in 
rock stress-strain curve. Observing the evolution of permeability may 
provide a new approach to identifying the critical point (yield point) C in 
the stress-strain curve. 
These conclusions need more experiments for validation, and further in-
vestigation on their robustness under various conditions, so that physical 
predicative methods can be developed for recognizing the threshold infor-
mation of destruction, promoting the interaction and incorporation of exper-
imental science, rock mechanics, geophysics, and other subjects.  
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